
Armed Servlces Technical Information AgencyJ
Because of our limited supply, you are requested to return this copy WHEN IT HAS SERVED

YOUR PURPOSE so that it may be made available to other requesters. Your cooperation

will be appreciated.

I I

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA

ARE USED FOR ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATED

GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS

NO RESPONSIBILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE

GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED THE

SAID DRAWINGS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE REGARDED BY

IMPLICATION OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTHER

PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSION TO MANUFACTURE,
USE OR SELL ANY PATENTED INVENTION THAT-MAY IN ANY WAY BE RELATED THERETO.

Reproduced by

DOCUMENT SERVICE CENTER
KOTT BUILDING, DAYTON, 2, OH 10

L Ar



DEPAVT .T ......

TJXIVERSIT Y 2 :

WASH:INGT ONI,"'"

.... . PR PG TO AN DISSIPATION.. ... . ..

OF
.... ... LONG INTERNAL WAVES

Office of Naval Research
ontract N~onr..520/IIIefrne 41

Project NR 062 012 Mrh15

... ......... . . . . . ....... ..

...... . ...

... .....

.. .. ......

.. ....

It,

SEATTLE 5, WASHINGTON



.4

UNIVERSITY OF WASHINGTON DEPARTMENT OF OCEINOGRAPHY
(Formerly Oceanographic Laboratories)

Seattle, Washington

PROPAGATION AND DISSIPATION OF LONG INTERNAL WAVES

By

Maurice Rattray, Jr.

i1

Technical Report No. 27

Office of Naval Research
Contract N8onr-520/III
Project NR 083 012

Reference 54-11 ard
March 1954 ,

chard H. Fleming
Executive Officer



TABLE OF CONTENTS

Page

ABSTRACT iii

'LIST OF SYMBOLS iv

INTRODUCTION 1

MATHEMATICAL FORMULATION 2

DISCUSSION OF RESULTS 17

TABLE 1. Values of Wave Numbers and Damping Coefficient

Under Varying Conditions 19

FIGURE 1. Damping Coefficient Variation with Layer Depth 20

BIBLIOGRAPHY 21

dr

-ti-

-J V



ABSTRACT

The effect of friction on the propagation of long internal

waves in a rotating ocean is investigated theoretically for the simple

case of a two-layer system subjected to a constant eddy viscosity.

Waves of inertial period are excluded. Typical distances for a 50%

decrease in amplitude are found to be 1,000 to 2,000 km.
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LIST OF SYMBOLS

Symbol Meaning

x, y, za Cartesian coordinates of position, with z - 0 at the
mean interface level,

Time.

u, v, w: Components of water velocity.

• Elevation of upper surface of layer.

Value ofj at time t = 0 and position x -0.

g-. Acceleration due to gravity.

V Eddy viscosity.

z :Angular velocity of rotation of ocean area.

Density of sea water.

A : Density difference between two layers.

h" Mean layer depth.

C I Frequency of the internal wave.

k: Wave number of the internal wave.

'Y Damping coefficient of the internal wave.

/ (a + 2 )12V

P 2

g (Y+ ik) 2 (ht+h") -

2
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Symbol Meaning
BI: - l(h'+h"t)

B 2: 2 (h'+h")

p 1 /2 --- .
q" 1/2 + --

SO 0 (h +h ") 2 .

hlh,,

S Real part of R .
So

Ti Imaginary part of R0

C10 h"
"hh- .

I" Real part of F0 - 1 .

0
Tl: Imaginary part of -1.

P. p 0

q
2B2



INTRODUCTION

Evaluation of oceanographic data is at best uncertain where the

influence of long internal waves cannot be determined. This is clearly

shown by the California current where an apparent eddy structure is

found which is caused by internal oscillations of diurnal period

(Defant, 195Oa). From the apparent wide distribution of such internal

waves it is reasonable to suppose that the possibility of error exists

in the interpretation of much similar data. A knowledge of the occurrence

and behavior of long internal waves in the ocean becomes then of prime

importance for the advance of oceanography.

Obtaining information on internal waves at sea is a difficult

process which requires long series of observations for statistically

valid results. It has been demonstrated that reported internal waves,

in many cases, may be only harmonic representations of short series of

random data (Haurwitz, 1952, 1953; Rudnick and Cochrane, 1951), In

addition, in order to adequately describe the behavior of the internal

waves it is necessary to take measurements simultaneously at three

stations (Haurwitz, 1953)o

The essential reason for the difficulty in obtaining internal

wave data in the ocean is the lack of an adequate theory to guide the

investigations. Even the presence of tidal internal waves is not well

explainedt The resonance theory (Haurwitz, 1950; Defante 1950) is

inadequate because of the large frictional damping and narrow belt of
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resonance for these waves. Since internal waves of tidal period have

not generally been found in the open ocean but mainly in offshore

regions, a mechanism of generation associated with the ocean boundaries

is suggested (Rudnick and Cochrane, 1951). Model experiments have

shown the generation of internal waves by the passage of surface waves

over bottom irregularities (Zeilon, 1934). At that time it was felt

this did not offer an explanation for the observed tidal internal waves

since their amplitudes would be decreased rapidly by friction and

divergence. However, internal waves generated by the action of surface

tides over the continental shelves will not be subject to radial

divergence as from a point source, but will undergo convergence on

traveling seaward from a boundary source. It is proposed therefore to

derive expressions for the effect of friction on internal wave motion

for the case of a rotating earth.

MATHEMATICAL FORVULATION

For mathematical simplicity the problem considered is the

propagation of long internal waves through a two-layer fluid on a

rotating disk subject to constant eddy viscosity. A right-handed

coordinate system is used with the origin at the mean level of the

interface, the z-axis vertical, positive upwards, and the x-axis

positive in the direction of wave travel. A primed quantity refers

to the upper layer and a double-primed quantity to the lower layer.

The following assumptions are madet the- vertical accelerations are

negligible permitting use of a hydrostatic pressure distribution;
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all quantities are independent of position in the y direction; the water

is incompressible; and u, v, w and variations in p and p are sufficiently

small that terms of higher order can be neglected,

The equations of motion then become, for the upper layer:

2

u + 2 u - v - - (2)6t 6

and for the lower layer:

-~v" - v - 2u" - 9 .1)--- " (3)
z2  x ) x

--V + 2cou" - V -0 . (4)
3t bz

The equation of continuity is

hI+ "

dz (5)

for the upper layer, and



d..1

d - (6)

-h"l

for the lower layer.

The boundary conditions are:

at the free surface there is no tangential stress, or

at z - h', ")u' M -vt 0 (7)z z

at the interface, the velocities and tangential stresses are continuous, or

at z 0 0, ut - ul, vt v'I

- = -- ~ V~ V . ;(8)
z ,6z z

at the bottom there is no slippage, or

at z a-h", uf v" = O (9)

Equations (1) through (9) are solved in a manner similar to that applied

to tidal waves on the Siberian shelf by Sverdrup (Sverdrup, 1926),

A



SOLUTION

A solution is found by assuming

, x t-kx)

' o e  e'(0 t (10)

- ~ 6 -Y"0 x ei(at'kx) (11)

where 20, r, x 'pa , and k are all constants characteristic of the

motion, The general solutions of equations (1) through (4) are then

ig 0( ' + ik)e¥YX ei( at-k x ) "+, (l+i)pz

u! e= )i -A (+±Pz-A -(~~2 +A 1 (12

22 2e

g; ( Y + ik)eYx e l (ot - k x )

v, - - 2 + A1 e( il)Pjz
a - 4 co2

" A A3 e(l+i)P2z + A e-(l+i) 2 z (13)23 4

" - ig ( +0 ) (y + ik)e'¥X ei(0t-x)f + A' e(l+i)lz

2 2

a 4 0

" e-(l+i)Pl z  A e(+±)32 + A' e-+i)(z (

"A2 "(+)l Alle3 +)~ - A i e'(l+i)P2zj 1)
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+ A(P +' ( Y + ik) e 8i( t-cc)
Vi 2 ca Ale1iPlzV" " - 4w. 20

+ A" e'(l+±)Plz + A"l e (1+i)02Z + A" e-(+Li)p 2z (15)2 3 4 ~9(5

Pi and P2 are constants given by + 2 and
2v / 2V

respectively. Relations for the constant coefficients A, determined

from the boundary conditions, after some rearranging are:

e"a- 2o) +A ,A + ~2)2 1 2) ( A a-202 A A + A" + Alt) (16)

2 w3 AP A;-y) 2 w3 -A (17)
2 3

e (A'- A2) ( Ce + AP-)(A" A;) (18)

e(A A') (e + AP)(A3  A") (19)

A' e(l+i)plh'- A ' e'(l+ilh! , (20)

A (+)~'A' e(l+i)p2 hA e(+if 2 h' (21)

___ ~-6-_ _ _ _
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2....+ A a-(li)kh" + " e(+i)l h" a 0 , (22)
2.

a +  - A" e-(l+i)32h" - A" e(l+i)02h 0, (23)

2 34

where 0 - . a small quantity for internal waves, Solution of

these equations yields the following expressions for the coefficients:

2,0 (e'2(l+i)ph" + e2(1+i)Pohl) A1 1 AP (1 + e'2(l+i)Olh )

- (e + 6P )e-(l+i)Olh" , (24)p

2(. ,. ,-2(l+i)lh '  e2(l+i)lhV) A" 1 A _P (1 - e2 (l+i)Plh')

0-2() 2 p

- (e + AP)e-(l+i)Plh "  , (25)

O- 2e2€ (e'2(l+i)lh' + e2(l+i)Plh") A' - ---.I Ap (1 + e2(l+i)Plh")
-2 (0e± + 2 -P

- (e, +-AL) e (l+i)Plh", (26)
p
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p (0"2(1+i) 3
1 h' + 2(1+i)Plh") A" 1 Ap (1 -2(1+i)plhl)

o - 22

-(e + Ap )(+i)Pl~h (27)
p

-2C (e-2 (1+)P 2 h + e2(1+i)P2h') A' - .... pQ (1 + e-2(+i)P2h)
a+ 2 w 2 P

+ (e + '610)-(+)P 2 h , (28)
p

+ + (e-2 (1+i)P2 h" + e2(1+i)p2h' ) A; 1 AP- (I. e e2 (l+)P 2 ht.

0+ 2 0 T7

+ (e + .A.E )e-('+')02 (29)

2 e (e 2(1+i)P h' +e2(1')P/2'h A't  1 AP- (1 + e2i)t

0+ 2~ w 2 p

+ (e + APE )e(l~i)p2 h (30)
p

2e+

+2 h e2 (1+i)p 2 hA" - - .L P (1
0+ 2 w 4 2 P

+ (C + APe*+'Ph (31)
p

The equations of continuity can now be written



I ,2 14 -k 2 )f'(z)dz - ia ( - 0) (32)

0

and

0

(t , + I ) + 2ik - k2 )f"(z)dz " -i t0  (33)

where

fi() + A' e (l+i)Plz A' e.(l+i)Piz -A3 e(l+i)32z

A A e-(l+i)P2z)

and

0 ig (+ A"  (l+)Pz + Al e-(l+i) (3l . (l±)P2 z
CF2 - 4w 12

- AtI e-('+i)P2z ) .
14

Integration of the equations of continuity and substitution of the

values for the constants A, yields the following two expressions in

Y + ik) and e

-9-
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2(2-~-(a - 2 w A sinh C (1+i)f 1 h') <cosh ((1+i)plh"3 +1

g (Y+ ic) 2  (1+±)pl cosh [((+i)pl (ht+ h")]

(a+ 2w A) '-~-sinh 1(1+i)P 2ht] {cosh (1i 2h" I +

('+')P2 cosh (('+')P.2 (hl+ h")]

+e {2oh + ( 2we.n [(J+i)p 1 hi - - (a 4,2 c) sinh ((1+i)P 2h'

(1+i)Pl cosh [(l+i)p1 (ht + h")] (1+i)p2 cash [(+i)f32 (h'. "

2( c 2 4c )ae 2 - ah"

g(Y+ik) 2

(a~ 2 o) A.sinh [(l+i)ph'] + sinh C(J-+i)pl (h'+ hit])
p fs

(1+i)Pi cash [(1+i)p1 (h'+ h")]

(or+ 2w~) A...p. (sinh [Gl+i)p 2ht3 - sinh [(1+')P2 (ht+hl),

(1+i)P32 cosh 1(1+i)P 2 (h'+ hl)]

((o+ 2co,) sinh 1(1+')P2 (hlht +

(1.+i)P2 cash [(l+i)P2 (h'+ h')]

(a- 2 co) sinh C(1+i)pl (ht  h")]
C- -2(h'+ h") (35)

(l+i)31 cash (1+i)pl (h'+ h" )]

-10.



These equations in their present form are somewhat intractable. In order

to determine the relative importance of the various terms, the dimension-

less quantities

g AP (y + ik)2  (h' + h")h (36)
p 2 2 AP P

B1  P1 (h' + h") , B2  .P 2 (h' + h"), (37)

/0C q + C /Cr/a, (38)

are introduced. Equations 34 and 35 can now be written in the form

(1- -P) p sinh [(l+i)(h ]  cosh [(l+i)Plh" + I)
R il (~), cosh [(l+ij31(h1+h"')]

+ q. sirh[ (l2-i. ;] (Cosh[ (1+i)P 2h"] + 1

(1+i) B cosh [(1+i) P (hI + h")]
*2 2

h, P sinh [(+i)'l' q sizih [(1+)p 2htI

h' +h" ('14')B co'shi l+i) 1(h + h")] (i+i)P2 cosh [(l+i,' 2 hI+h') (,
2 (39)

*-11-

I - ___ ___ ____ ____ ___ ____ ___



S= - h" .p ~sinh [(l+i)3lh' ) + sinh.[ (l+iXl(h'+ h")]}

R ht+ h" (l+i)B1 cosh [ (l+i)pl(ht+ h")]

q sinh ([(l+i)P 2(h'+ h")1}

(l+i)E cosh [ (l~i)p2(h'+h")]
2

+ qjsinh [(l+i)P2 (h+h")] p sinh [(1+i)P (h+h)] h
(+i) cosh [(l+i 2 (h'+h") (I+i)B. cosh [(l+i)pl(h'+ h')] J

These equations can be solved for any given values of 0, (o V, h',

h", and Ap /p . However, a particular numerical solution will not indicate

the dependence of k, Y, 0 ' and ?O on the above independent variables.
00

For the most important range of variables it is possible to approximate

the relations to give functional relationships between the above quantities.

The following ranges of variables will be considered, using

c.g.s. units:

hi> 5xl ,

5 -,0S >l5

1 V lO3

.725 x 10- 4

0.7 x 104 < 3x 10-4

with the additional restriction that

-1 , 2 (4a)
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The derived constants then have the following ranges:

Ph' , 2 h') 1.2

Ph" p2 h"> 24

B1 , B2 ) 25

IPl. lqj K 1

Under these conditions the following approximations are valid (to within

10 per cent)?

sinh [(l+i3lhV]  cosh [(l+i)l - e (cos Pih' + i sinl ht), etc.

Pi h II P 2h '"and e , e 1,

and equations (39) and (40) can be approximated by:

p1 pq pq
_ - + - - i - +

R 2B1  2B2  L 2B2

+ h e  p cos P h" - sin P h"

elh, (41)

qNcos P2h ' - sin 2 ip cosl h  + sinPP hh q co s P h '' +sinf23

2B2  eP' h  2B1  ePlh' 2B2  2h

-13-



P)h,, p qp q
P +-, - [+1

R ht + h" 2B1 2B2  2 2

" 2Bl  2B2  2Bl . (42),

The unknown quantities are now split into real and imaginary parts.

R=S+iT =So (ls 1 + iT1 ) , (43)

+ 1 0,, = (1,+ + *iTl)  ,(44)

2
where So  (h' + h") and 0 h" the limiting values for

hlh .  h' + h"

the unknowns when v-40. Upon substitution of these expressions into

equations (41) and (42) and replacement of --- by P, _.._ by Q, the
2B1  2B2

result is-

1 +A_ h"

p h' + h" ( i + i~l) P + Q -i(P + Q) h (i + + i 1)

- (h' + h") 2 (I + S + i T h' +h"
1 1"

hh cos Ph" sin P h" CoS p2h" - sin p2h ''

' + h" ePlh" '  ep2h"

cos Pih" + sin Pih" cos P 2h" + sin Ph"j
iP - e lh,, + iQ - ,, (45)

-14-
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. A.2 h"
4p h"
P h,+h, h"h

(ht+h.)2 (+ S1 ht+hi) + i(PQ) (P - Q)h+h" ( + 1 + i V)

h'th"

+ P -i(P-) (46)

These equations can be solved by approximation in a straightforward manner

if SI, T1 , CI, and T, are all sufficiently small so that powers higher

than the first can be neglected, to give

i ApI_'h h' .h,+hn)2 h"h)

(s iTh)+h"-(l- .) + (hth"I " p + huh" + Q

ht+h") I ('+h")2 h'
- h'" +- i h'h,,  - I , 4)

( I (p+  (p l 2 _.hPh(47h)

(h+h,,) 2  h" i, - -( Q) ( + i QP) (P + Q).
P (h'+h"l) 2  h' h" Pp

(48)

Now the following expressions can be written for the unknownst

9 p- (h'+ h"). (h'+ h") 2

g 2 h+2 (y+ ik)2  u " (1 + S, + iT1 ) (49)
o -~ hh"

and

8h"_+(0

__ _ _ _ h"

/ -3, - -



In most cases of interest the terms in equations (47) and (48) containing

A- will be negligibly small and h <<(h h Equations (47)
p W
and (48) then can be written:

(SI + iTl) (h+h")(2  )U )(1(s+T)- (lh) 2  (P+iQ) (1-i) , (51)

( + ht
( 2 + i) (P - Q)(1 - i) . (52)

Approximate solutions of these equations for the wave number, K, and the

damping coefficient, Y, of the internal waves are:

k2 _- Wk2 )(h'+ h) + (h'+ h") Vl/2 (a- 1,)3/2 + (C+ 3/

2 2 1/2
- g h' h" Ap/p 4 2 h'h" a(c _ 24 1

(53)

(gV - /2 '+ h)3/2 (a - 2 3/2 + (a + 2ca (54)(79= APlP) (h'h" 4a

The solution for e is then:

= 2  h"l h/2 ) " (a +,20)3/ -3(/-21e P h'+ h"2 1  (a 2 (c-)o (55)
P h'+ h" L it h"4o(h'+ h") (a2 - 4c2)I/2

-16-
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DISCUSSION OF RESULTS

The wave number, k, is increased., thus wave length and velocity

are decreased by the effect of eddy viscosity. The correction term in

the expression for the wave number varies as the square root of the eddy

viscosity and inversely as the depth of the shallower layer. Its mag-

nitude is small unless the restriction of equation (40a) is violated

by approach to the inertial period.

The damping coefficient, y, varies directly as the square root

of the eddy viscosity, and inversely as both the square root of the

density difference and the three-halves power of the depth of the

shallower layer. It increases approximately as the square root of the

4frequency but has only small dependence on latitude in the range under

consideration.

The ratio of free surface to interface displacement is decreased

in magnitude by friction with a decrease in time lag for the free surface

motion. Again the correction terms vary directly as the square root

of the eddy viscosity and are small unless the inertial period is

approached.

Representative values for k and y under various typical con-

ditions are given in Table 1.

The distribution of internal waves will depend very strongly

on the value of the damping coefficient y. This quantity varies from
a maximum of 6.0 x 10- 3 to a minimum of 0.045 x 10- 3 for the conditions

considered. That is, wave amplitudes would be decreased by 50% in a

distance of 120 km. and 15,000 km., respectively. The actual distance

-17-



of wave travel will depend strongly on the prevailing oceanographic

conditions and the wave period but not on the latitude within the restric-

tions of equation (40a).

Let us consider a typical example. Since the depth of maximum

stability is that of maximum velocity shear, the effective eddy viscosity

is taken to be 1 cm.2secl. An average value of 100 m. is used for the

upper layer depth and l0 3 gms.k.M.3 for the density difference across

the interface. Then at latitude 150 N, k and y will be, respectively,

.15 kiml. and 0.50 x l0 3 km1l . for a 12 hr. period and 4055 km-1 . and

0.32 x l0- 3 km l . for a 24 hr. period. The 12 hr. and 24 hr. waves

have, respectively, wave lengths of 42 km. and 110 km. and distances

for a 50% amplitude decrease of 1,400 km. and 2,100 km. Figure 1

shows the variation of y with the depths of the upper and lower layers.

These results are the right order of magnitude to give regions of

strong internal waves surrounding bottom irregularities and yet not

large enough to give standing waves over the entire ocean.

-18-
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TABLE 1

Values of wave number and damping coefficient under varying conditions.

L T h h"k
(degrees) (hrs) Cm) (m) (cm2 sec "1 ) (gms.cm"3 ) (km"I ) (ki)

5o 12 100 1000 100 10-3  .10 6.0 x 10-3

30 12 100 1000 100 10-3  14 5.4 x 10-3

15 12 100 1000 100 10-3  .15 5.o x 10-3

15 24 100 IOOO 100 10-3 .058 3.2 x 10-3

15 24 100 1000 :10 10-3  .056 1.0 x 10-3

15 24 100 1000 10-3  .055 0.32 x 10-3

15 24 500 1000 1 10-3  .027 0.045 x lo

15 24 100 1000 1 2 x 10-3  .039 0.23 x 10-3

0 12 100 1000 1 10-3  .15 0.49 x 10-3

0 24 100 1000 1 10-3  .076 0.35 x 10-3
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